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Introduction and definitions
In geometry, the lemniscate of Bernoulli is a plane curve defined by two given points F  and F  , known as foci, at distance a from each other as the locus of points P so that For  ≤ x ≤ , it is known in the literature that 
In [-], other upper bounds for arcsin x were established: Related to the inverse sine inequality, the inverse tangent inequality is also of much interest. In the literature, we have x [] proved that for  < |x| < ,
with the best possible constant  
. Chen [] proved that for  < |x| < ,
In this paper, we establish sharp Shafer-Fink type inequalities for Gauss lemniscate functions.
The following lemma is required in our present investigation.
is strictly monotone, then the monotonicity in the conclusion is also strict. 
Similarly, for p, q >  the function arcsinh p,q is defined by []
Clearly, arcsl x = arcsin , (x) and arcslh x = arcsinh , (x). http://www.journalofinequalitiesandapplications.com/content/2014/1/35
Main results
Theorem . For  < x < ,
with the best possible constants
is the beta function.
where
Differentiation yields
Motivated by the investigations in [], we are in a position to prove f  (x) >  for x ∈ (, ). Let
where μ is constant determined with limit:
Using Maple we determine Taylor approximation for the function A(x) by the polynomial of the fourth order:
which has a bound of absolute error
Hence, for x ∈ (, ) it is true that A(x) >  and therefore f  (x) >  and f  (x) >  for x ∈ (, ). Therefore, the function
is strictly increasing on (, ). By Lemma ., the function
is strictly increasing on (, ). And hence,
for  < x < . By rearranging terms in the last expression, Theorem . follows.
Here B(x, y) denotes the beta function.
Proof For  < x < , let
, http://www.journalofinequalitiesandapplications.com/content/2014/1/35
Then,
Motivated by the investigations in [], we are in a position to prove F  (x) >  for x ∈ (, ). Let
where λ is a constant determined by the limit
Using Maple we determine a Taylor approximation for the function B(x) by the polynomial of fourth order:
which has a bound of the absolute error of
Hence, for x ∈ (, ) it is true that B(x) >  and therefore F  (x) >  and F  (x) >  for x ∈ (, ). Therefore, the function
for  < x < . By rearranging terms in the last expression, Theorem . follows.
Theorem . For  < |x| < ,
Elementary calculation shows that
Therefore, the function L  (x) is strictly increasing on (, ). And hence,
for  < x < . Hence, inequality (.) holds with the best possible constants given in equation (.). For  < x < , let
We claim that M  (x) >  for  < x < . By an elementary change of variable
we find that
Obviously, M  (t) >  for  < t < . This proves the claim. Hence, M  (x) <  for  < x < . This implies that M  (x) < M  () =  and M  (x) <  for  < x < . Therefore, the function M  (x) is strictly decreasing on (, ). And hence,
for  < x < . Hence, inequality (.) holds with the best possible constants given in equation (.).
Remark . (i)
There is no strict comparison between the two lower bounds in equations (.) and (.). Also, there is no strict comparison between the two upper bounds in equations (.) and (.).
(ii) The lower bound in equation (.) is sharper than the one in equation (.), since
There is no strict comparison between the two upper bounds in equations (.) and (.).
(iii) By two elementary changes of variable,
we find that Proof The inequality (.) is obtained by considering the function p(x) defined by
We claim that r(x) >  for x > . By an elementary change of variable
Obviously, s(t) >  for t > . This proves the claim. Hence, q (x) <  and q(x) < q() =  for x > . Therefore, p (x) <  for x > , and we have
Hence, the inequality (.) holds with the best possible constants given in equation (.).
Remark . Inequality (.) is sharper than inequality (.).
Theorem . For x = ,
with the best possible constants 
